Introduction.
Well known results || relate the continuity properties of a real function ƒ(x) to the degree of approximation to ƒ(x) by trigonometric sums and by polynomials in x. In more recent years further results If have related the continuity properties of a complex function f(z) to the degree of approximation to f(z) by polynomials in the complex variable z. The object of the present note is to obtain some new results lying on the border line of these two general fields of research.
To be more explicit, if ƒ (z) is analytic in the annulus p > | s | > 1 /p < 1, the degree of convergence on \z\ =1 of the Laurent development of ƒ (z) is intimately connected with the continuity properties of ƒ (z) on the two circles \z\ =p and \z\ = l/p. This fact is already known (Bernstein, de la Vallée Poussin), if ƒ (s) has poles or certain other singularities on those two circles, and is established in the present note if f(z) or one of its derivatives satisfies a Lipschitz condition on | z\ =p and | z\ = 1/p.
Once the latter connection is established, standard methods involving suitable conformai transformations enable us to study the relation between polynomial approximation to an analytic function f(z) on the segment -1 ^ z ^ 1 and the continuity properties of ƒ(z) on the largest ellipse whose foci are +1 and -1 within which ƒ(z) is analytic. We also make application to the relation between trigonometric approximation on y = 0 (with z -x+iy) to an analytic function/^) with period 2ir and the continuity properties of the function on the lines y= ±b bounding a region within which f(z) is analytic.
2. Approximation on the unit circle. We prove the following theorem: THEOREM 1. Let f (6) be periodic with period 27r, and suppose the numbers a n k and b n k (not necessarily real) are given so that
with the relation, for n=l, 2, • • • and for all 6, for all 8, an inequality which we write in the form
where p n {%) is the expression in square brackets in (2), a polynomial in z and 1/z of degree n, equal to s n (0) on |JS| =1. An easily proved lemma* then yields
In particular, on the two circles \z\ =p and \z\ = l/p we may write
The function p n {z) (not necessarily real) is, on \z\ =p and on | z\ = 1/p» a trigonometric polynomial in 0 of order n with z=pe ie or z=p~le iB , so that by the results of de la Vallée Poussin f the function F(z) satisfies on \z\ =p and |s| =l/p a condition TCW/ A respect to 6 of form (3); hence (3) itself is fulfilled, f It is a corollary to our proof of Theorem 1 that the sequence s n (9), if defined off the circumference \z\ = 1 as the function p n (z), converges uniformly to F(z) in the closed annulus p^ \z\ ^1/p, with an error not greater than M\/n v+a . In the direction of the converse of Theorem 1 we prove the following theorem : Î See for instance Walsh and Sewell, this Bulletin, vol. 43 (1937) , pp. 557-563. § That is to say, let (3) be satisfied with /3 = 0.
then with the notation ak = Ck+c-k> bk = i(ck -c-. k ), we have on \z\ = 1, with z = e id , the relation
where M is a constant.
In the usual proof of the validity of the Laurent development (4), it is established that we may write for p>|z| >l/p the equation
Under the present conditions on F(z), the function F 2 {z) is analytic on |z| =p, so that the function
is continuous on \z\ =p and satisfies on \z\ =p a Lipschitz condition of order a. Similarly the function F 2 (p) (z) is continuous on \z\ = 1/p and satisfies on J ^ I = 1/p a Lipschitz condition of order a.
By the continuity of Fi(z) on \z\ =p and of F 2 (z) on |s| =l/p, we may write
whence for | z\ <p, by the uniform convergence of the series involved, we have
If P n (0 is an arbitrary polynomial in / of degree n, we have P n (t)dt ƒ so that, for | JS| <p, (6) may be written
A consequence of the Lipschitz condition on 7<\ (p) (z) on \z\ =p is that there exist* polynomials P n (i) of respective degrees n with * J. Curtiss, this Bulletin, vol. 42 (1936) , pp. 873-878. The proof is based on methods due to Bernstein, Jackson, and de la Vallée Poussin.
where M' is independent of n and of t. Thus equation (7) yields Fi(*) -£ <*** ^ Af / 7» p+tf P w , I ^ I = 1, where ikf r/ is independent of n and of 2. A similar and similarly proved relation for F 2 (z) yields the inequality (5) and the theorem.
A remark due to Sewell* concerning degree of convergence of Taylor developments applies to the degree of convergence of the sequenceYlk=o c kZ k to F\(z) on the circle | z\ =p, and also to the degree of convergence of the sequence ]C*^-i£*s fc to F 2 (z) on the circle \z\ = l/p, so that we obtain We map the s-plane onto the w-plane by the transformation z=(w+w~l)/2.
Under this transformation the image in the w-plane of the segment -1 ^zS 1 counted twice is the unit circle \w\ = 1, the image in the w-plane of y in the s-plane counted twice consists of the two circles \w\ =p and \w\ =l/p, and the image in the w-plane of the interior of y in the s-plane counted twice is the annular region p > | w\ > 1/p. The polynomial P n (z) corresponds to a polynomial in w and 1/w of degree n; that is to say, considered as a function of w it is precisely of the form of the function p n (z) introduced in the proof of Theorem 1, with c nk = c n ,-k. It follows from Theorem 1 that the transform oîf(z) (considered as a function of w) defined in the annulus as the limit of the sequence P n (z) (considered as a function of w) satisfies a condition of form (3) with respect to w on the circles \w\ =p and \w\ =l/p and is symmetric in w and 1/w. The function f(z), the transform in the s-plane of the limit in the w-plane of the sequence P n (s), is single-valued interior to 7, is obviously analytic interior to y except perhaps for -1 ^ z ^ 1, and is analytic on that segment because continuous there in the two-dimensional sense. By the analyticity of the transformation z=(w+w~l)/2 on \w\ =p and I w\ = 1/p, inequality (8) follows, and the proof is complete.
As a corollary to this proof we remark that the sequence P n (z) itself converges uniformly to f(z) on and within 7, with an error not greater than Mi/n p+a . In the direction of the converse of Theorem 3, immediate application of Theorem 2 yields the following theorem : THEOREM 4. Let y denote the ellipse whose foci are -1 and +1 and whose semi-sum of axes is p, let the function f {z) be analytic interior to y and continuous in the corresponding closed region, and letf (p) (z) , p a non-negative integer, satisfy a Lipschitz condition of order a, (0 <a ^ 1), on 7. Then for n = l, 2, • • • there exists a polynomial P n (z) of degree n in z such that \f{z)-P n (z)\ ^M/n p + a p n , (-l^s^l) , where M is a constant independent of n and z.
Under the transformation z=(w+w~1)/2, the f unction ƒ (2) corresponds to a function of w which is analytic in the neighborhood of I w\ = 1 except perhaps on that circumference, continuous in the twodimensional sense at every point of | w \ = 1, and hence analytic on |w|=l and throughout the annulus p>|w|>l/p. The function
is symmetric in w and 1/w, so that the corresponding Laurent polynomials used in the proof of Theorem 2 are in this case symmetric in w and 1/w and hence are polynomials in z; Theorem 4 follows from Theorem 2.
It is not without interest to notice that the successive approximating Laurent polynomials that here present themselves in the w-plane are of the îorm^k csQ c k (w k -\-w~k) , where c k is independent of n 1 so that the approximating polynomials P n {%) of Theorem 4 are of the form
where c k is independent of n, and where T k (z)=w k +w~k is a polynomial of the set studied by Tschebycheff: TQ(Z)=2, T\(z)=2z y r 2 (s)^4s 2 -2, r 3 (s) = 8s 3 -6z, -• • which are mutually orthogonal on the interval -1 ^z^l with respect to the norm function (1 -z 2 )~1
12
and are also orthogonal* on y and on every ellipse confocal with y with respect to the norm function | 1 -z 2 \ ~1 12 . As in the proof of Theorem 2, we have, for z on and within y, the relation
where M' is independent of n and z. The expansion ^2^o c kT k (z) of ƒ (z) on y converges uniformly to ƒ (z) on 7 and hence is an expansion of the usual form in terms of orthogonal polynomials:
Results analogous to Theorems 3 and 4 for the case that ƒ (s) is uniformly bounded interior to 7 or is analytic interior to 7 with poles or certain other singularities on 7 are due to Bernstein f and to de la Vallée Poussin (op. cit., chaps. 8 and 9).
4. Approximation to a periodic function on the axis of reals. A conformal transformation different from that used in Theorems 3 and 4 will now give further results from Theorems 1 and 2. THEOREM 
Let the f unction f (z) be periodic with period 2K, and let there exist trigonometric polynomials t n (z) of respective degrees n such that we have f or all real z = x+iy
where p is a non-negative integer. Then the function f{z) can be analytically extended so that it is analytic throughout the band \ y\ < log p, is continuous in the corresponding closed region, and on the lines y = ± log p satisfies condition (8).
The transformation w = e iz carries the line y = 0 into the unit circle \w\ = 1, the band | y \ <log p into the annulus p > | w\ > 1 /p, the function f{z) into a function analytic and single-valued in that annulus, and the trigonometric polynomial t n (z) on y = 0 into the trigonometric polynomial t n {d) on \w\ = 1 with w = e id . The hypothesis of Theorem 1 is satisfied, and an inequality of form (3) on the circles \w\ =p and |^| =l/p leads to the conclusion of Theorem 5.
The given sequence t n (z) can be expressed on ^ = 0 as a sequence of polynomials in w = e iz and 1/w, with z = x -6: The detailed proof of Theorem 6 is readily supplied by the reader by use of the same transformation w = e iz and the method of proof of Theorem 4. It is of interest to note that the function t n (z) appears also for complex values of % as the sum of the first n + 1 terms of a series of the form 1 * -a o + Z^ (au cos kz + bk sin kz).
&=i
As in Theorem 2, we have
where M' is independent of n and z. O, the respective limits of integration being Xo+iyo and Xo+2w-\-iyo.
The set e ikz is closed (with respect to the class of continuous functions) on the interval #o^#^#o+27r, y = y^ as is seen by transformation to the w-plane. On every interval X 0 SX^XQ + 2T, y^yo, \yo\ ^logp, the sequence There is an obvious discrepancy of unity in the exponents of n that appear in Theorems 1 and 2, in Theorems 3 and 4, and in Theorems 5 and 6. This discrepancy is inherent in the nature of the problem, as is shown by examples that the writers will publish on another occasion.
